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Abstract
In this paper, for the CPT-even and CPT-odd extensions of the QED, we explicitly obtain
the aether-like corrections for the electromagnetic field in the case when the space-time involves
an extra compact spatial dimension besides of usual four dimensions. Our methodology is based
on an explicit summation over the Kaluza-Klein tower of fields which is no more difficult than
the finite-temperature calculations. The quantum corrections turn out to be large as the extra
dimension is small. We demonstrate that in the CPT-even case, the extra dimension manifests
itself through a new scalar particle.
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1
The idea of compact extra dimensions has a long history. Originally, it has been pro-
posed as a Kaluza-Klein theory [1] aimed to unify gravity and electromagnetism. Being
abandoned for a long time, this idea has been revitalized with development of string
theory known to be well defined in space-times with dimensions much larger than four
(for a review on applications of the Kaluza-Klein concept in modern contexts, including
cosmology and ten- and eleven-dimensional supergravity, see [2]). An important step in
development of this concept has been made in [3] where it has been immersed into the
Lorentz-breaking context (another approach to this problem has been discussed in [4]).
Following [3], if the Lorentz-breaking vectors are directed along the compact extra di-
mensions, the masses of the particles will be modified, probably affecting the hierarchy
problem (some important results in studies of the impact of the compact extra dimen-
sion for quantum corrections were obtained in [5], where the two-point function of the
massless QED, although without explicit Lorentz-breaking terms in the action, has been
calculated in a five-dimensional space-time, and in [6, 7], where the regularization and
renormalization issues were considered in a similar situation, but for massive fermions).
Therefore, the natural question is how the known Lorentz-breaking results will behave
when one (extra) dimension is being compactified, and how the presence of the compact
extra dimension will affect these known results? In principle, we can consider a situation
more generic than that one discussed in [3], and suggest that the Lorentz-breaking vectors
are arbitrary, but one of spatial dimensions is compact.
Up to now, there are a few examples of studies of Lorentz-breaking theories in a
five-dimensional space-time (besides of the papers [3, 4], one can also mention [8, 9]).
One of these examples is presented in the paper [10], by some of us, where the aether
term has been generated from a nonminimal (magnetic) CPT-odd coupling of the gauge
field. In this paper, we generalize this result, as well as the result of [9] (where the Lorentz
symmetry breaking is introduced through the additive CPT-even term), for the case when
one of the spatial dimensions is compact. The methodology of calculations is apparently
very similar to the finite-temperature field theory, where we also assume the projections
of momenta along a certain dimension to be discrete. Thus, we can use all well-developed
machinery of the finite-temperature field theory.
To start the calculation, we write down the theory with magnetic coupling in five
dimensions considered in [10]:
S =
∫
d5xψ¯(i∂/−m− gǫmnpqrbmFnpσqr)ψ. (1)
For definiteness, we consider bm = (bµ, b5), with µ = 0, 1, 2, 3, and so on. The lower
quantum contribution in this theory, that is, the aether-like correction, depicted in Fig. 1,
is given by
Σ1 =
g2
2
ǫmnpqrbmFnpǫ
m′n′p′q′r′bm′Fn′p′tr
∫
d5k
(2π)5
σqrS(k)σq′r′S(k), (2)
2
where
S(k) = i(k/−m)−1, (3)
with /k = kmγ
m, is the usual propagator of the spinor field.
••
FIG. 1: First-order Lorentz-breaking contributions.
Taking into account only the relevant (that is, even with respect to k) terms, we find
that this correction is
Σ1 = Σ
(1)
2 + Σ
(2)
2 , (4)
where
Σ
(1)
1 = −
m2g2
2
ǫmnpqrbmFnpǫ
m′n′p′q′r′bm′Fn′p′tr(σqrσq′r′)
∫
d5k
(2π)5
1
(k2 −m2)2 ,
Σ
(2)
1 = −
g2
2
ǫmnpqrbmFnpǫ
m′n′p′q′r′bm′Fn′p′tr(γlσqrγl′σq′r′)
∫
d5k
(2π)5
klkl
′
(k2 −m2)2 . (5)
We can rewrite these expressions as
Σ
(1)
1 = −
m2g2
2
ǫmnpqrbmFnpǫ
m′n′p′q′r′bm′Fn′p′tr(σqrσq′r′)I1, (6)
Σ
(2)
1 = −
g2
2
ǫmnpqrbmFnpǫ
m′n′p′q′r′bm′Fn′p′tr(γlσqrγl′σq′r′)I
ll′
2 , (7)
with
I1 =
∫
d5k
(2π)5
1
(k2 −m2)2 , (8)
I ll
′
2 =
∫ d5k
(2π)5
klkl
′
(k2 −m2)2 . (9)
Now, let us suggest that our fifth extra dimension is compact, of the size L. It means
that actually we can proceed with Matsubara formalism, where the momentum component
corresponding to the extra dimension is k5 = 2pin
L
= −k5, with n being a integer, to be
compatible with the periodicity of this dimension (and not semi-integer). Afterwards,
carrying out the Wick rotation with respect to k0, i.e., by considering k0 = ik0E , and
introducing k¯2 = k20E + k
2
1 + k
2
2 + k
2
3, we write
I1 =
i
L
∞∑
n=−∞
∫
d4k¯
(2π)4
1
(k¯2 + k25 +m
2)2
,
I ll
′
2 =
i
L
∞∑
n=−∞
∫ d4k¯
(2π)4
k¯2
4
(δll
′ − tltl′) + k25tltl
′
(k¯2 + k25 +m
2)2
, (10)
3
where we have considered the decomposition kl = k¯l + k5tl, with k¯l = (kλ, 0) and tl =
(0, 0, 0, 0, 1), and the substitution k¯lk¯l
′ → k¯2
4
(δll
′ − tltl′).
In order to calculate the above sum-integrals, initially, in (10) we evaluate the integrals
in d dimensions, so that d4k¯/(2π)4 goes to µ4−dddk¯/(2π)d. The result is
I1 =
i
L
µ4−d
(4π)d/2
Γ
(
2− d
2
)
∞∑
n=−∞
1
(k25 +m
2)2−d/2
,
Iαβ2 =
i
2L
µ4−d
(4π)d/2
Γ
(
1− d
2
)
∞∑
n=−∞
δαβ
(k25 +m
2)1−d/2
,
I552 =
i
L
µ4−d
(4π)d/2
Γ
(
2− d
2
)
∞∑
n=−∞
k25
(k25 +m
2)2−d/2
. (11)
Finally, to calculate the the sum over the Matsubara frequencies, we use the formula [11]
∞∑
n=−∞
[(n + η)2 + ξ2]−λ =
√
πΓ(λ− 1/2)
Γ(λ)(ξ2)λ−1/2
+ 4 sin(πλ)fλ(η, ξ), (12)
with
fλ(η, ξ) =
∫ ∞
|ξ|
dz
(z2 − ξ2)λRe
(
1
e2pi(z+iη) − 1
)
. (13)
The above expression is valid only for λ < 1, aside from the poles at λ =
1/2,−1/2,−3/2, · · ·. However, this restriction can be circumvented when we use the
recurrence relation
fλ(η, ξ) = −
1
2ξ2
2λ− 3
λ− 1 fλ−1(η, ξ)−
1
4ξ2
1
(λ− 2)(λ− 1)
∂2
∂η2
fλ−2(η, ξ). (14)
Note that, in our case, one has λ = 1 − d/2 and λ = 2 − d/2, so that (12) can be used
directly. Taking all together, with η = 0 and ξ = mL
2pi
, we arrive at
I1 = −
im
16π2
+
i
8πL
∫ ∞
|ξ|
dz (coth(πz)− 1),
Iαβ2 =
im3
48π2
δαβ +
iπ
4L3
δαβ
∫ ∞
|ξ|
dz (z2 − ξ2)(coth(πz)− 1),
I552 =
im3
24π2
− iπ
4L3
∫ ∞
|ξ|
dz (z2 + ξ2)(coth(πz)− 1), (15)
where we have taken into account an expansion around d = 4. We note however that
the finiteness of these integrals is a consequence of use of the dimensional regularization
(which gives the finite result for Euler gamma function of negative fractional arguments
in (12)). Had we used other regularization, these contributions could in principle display
pole parts as well, however, the dimensional regularization is the most appropriate one
for calculations within the compactification process.
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Thus, by using the first solution of (15) in Σ
(1)
1 , after the inverse Wick rotation, we
obtain
Σ
(1)
1 =
[
m3g2
π2
− 8πg
2
L3
∫ ∞
|ξ|
dz ξ2(coth(πz)− 1)
]
(b2FmnF
mn − 2bnFmnblFml), (16)
which matches the zero temperature result found in [10] (where the Lorentz invariant part
proportional to b2 was omitted) for this sector of the contribution.
The contribution Σ
(2)
1 would have a much more complicated form since I
ll′
2 is no more
proportional to δll
′
. Explicitly, it looks like
Σ
(2)
1 = −
g2
2
ǫmnpqrbmFnpǫ
m′n′p′q′r′bm′Fn′p′
[
tr(γασqrγβσq′r′)I
αβ
2 + tr(γ4σqrγ4σq′r′)I
55
2
]
. (17)
Since Iαβ2 and I
55
2 are not mutually proportional, we see that in the case of finite L, their
explicit L-dependent contributions will be essentially different. Then, the result takes the
form:
Σ
(2)
1 = −
[
m3g2
3π2
− 8πg
2
L3
∫ ∞
|ξ|
dz (ξ2 − 2z2)(coth(πz)− 1)
]
(b2FmnF
mn − 2bnFmnblFml)
+
[
8πg2
L3
∫ ∞
|ξ|
dz (ξ2 − 3z2)(coth(πz)− 1)
]
(b25FmnF
mn + 2bmF
m5bnFn5
−2b2Fm5Fm5 − 4bnFmnb5Fm5). (18)
The final result is a sum of these two contributions, Σ1 = Σ
(1)
1 + Σ
(2)
1 , given by
Σ1 =
[
2m3
3π2
− 16πF1(ξ)
L3
]
g2(b2FmnF
mn − 2bnFmnblFml) (19)
+
8πG1(ξ)
L3
g2(b25FmnF
mn + 2bmF
m5bnFn5 − 2b2Fm5Fm5 − 4bnFmnb5Fm5),
where
F1(ξ) =
∫ ∞
|ξ|
dz z2(coth(πz)− 1),
G1(ξ) =
∫ ∞
|ξ|
dz (ξ2 − 3z2)(coth(πz)− 1). (20)
It is easy to verify that in the L → ∞ (or ξ → ∞) limit, this result matches the
expression obtained in [10] (where the terms proportional to b2 were not discussed). At
the same time, for the small L, the L→ 0 impact begins to dominate, so that the integrals
(20) assume their asymptotic form, given by
F1(ξ → 0) =
∫ ∞
0
dz z2(coth(πz)− 1) = ζ(3)
2π3
,
G1(ξ → 0) = −3
∫ ∞
0
dz z2(coth(πz)− 1) = −3ζ(3)
2π3
. (21)
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It is interesting to consider the following example. Let us suggest that the Lorentz-
breaking vector bm is directed along the extra dimension, looking like bm = (0, 0, 0, 0, b5),
so that b2 = −b25. In this case, we have
Σ1 = −
[
2m3
3π2
− 16πF1(ξ)
L3
− 8πG1(ξ)
L3
]
g2b25FµνF
µν . (22)
We note that in this case the fifth dimension manifests itself only through the modifica-
tion of quantum corrections for the usual four-dimensional photons, i.e., there is no Fα5
components in this contribution and hence no new particles corresponding to the extra
dimension. This situation is phenomenologically more advantageous since it explains the
absence of new particles originated from extra dimensions, and, at the same time, allows
to have significant modifications of the Maxwell term. Actually, this term suffers a finite
renormalization, with a coefficient dependent on the size of the extra dimension. The
contributions involving F1(ξ) and G1(ξ) are the corrections which are absent in the case
of the infinite-size extra dimension. On the other hand, we found that its finiteness would
correct the aether term, as long as the size of the extra dimension is smaller.
Certainly, one can ask about the theory involving the minimal coupling as well, whose
action is
S =
∫
d5xψ¯(i∂/ −m− eA/ − gǫmnpqrbmFnpσqr)ψ. (23)
In this case (the usual contribution to the two-point function involving two minimal
vertices, and thus independent of the Lorentz-breaking vector bm, has been studied in [5])
the mixed contribution involving both minimal and nonminimal vertices, will be
Σ2 = 4megǫ
abcdebaFbcFde
∫ d5k
(2π)5
1
(k2 −m2)2 . (24)
However, this expression evidently represents itself as a total derivative (ǫabcdebaFbcFde is
a perfect analogue of the 4D topological term ǫbcdeFbcFde), independently on whether the
extra dimension is compact or not. So, it is equal to zero. This is different from the
four-dimensional case, where the mixed contribution yields the Carroll-Field-Jackiw term
[12].
The next step would consist in introducing the CPT-even Lorentz-breaking term into
the action, as it has been done in [9]. For this, we must consider the action given by
S =
∫
d5xψ¯(i/∂ −m+ iuaubγa∂b − e /A− euaubγaAb)ψ. (25)
Thus, we have
Σ3 =
1
2
AmΠ
mnAn, (26)
6
where Πmn = Πmn1 +Π
mn
2 +Π
mn
3 +Π
mn
4 , with
Πmn1 = −ie2tr
∫
d5p
(2π)5
S(p)uaubγapbS(p)γ
mS(p− i∂)γn, (27)
Πmn2 = −ie2tr
∫
d5p
(2π)5
S(p)γmS(p− i∂)uaubγa(p− i∂)bS(p− i∂)γn, (28)
Πmn3 = ie
2tr
∫
d5p
(2π)5
S(p)umuaγaS(p− i∂)γn, (29)
Πmn4 = ie
2tr
∫
d5p
(2π)5
S(p)γmS(p− i∂)unuaγa. (30)
These contributions are depicted in Fig. 2.
×
1
×
2
×
3
×
4
FIG. 2: First-order Lorentz-breaking contributions.
Supposing that the extra dimension again is compact, proceeding with the Matsubara
formalism, we can present our result as a sum Σ3 = Σ
(1)
3 + Σ
(2)
3 + Σ
(3)
3 , where
Σ
(1)
3 = −
[
m
24π2
− F3(ξ)
12πL
]
e2Am
[(
2(u · ∂)2 − u2∂2
)
gmn + um
(
2∂2un − 2∂nu · ∂
)
+∂m
(
u2∂n − 2unu · ∂
)]
An,
Σ
(2)
3 =
πG3(ξ)
24L
e2Am
[
tm
(
tn
(
2(u · ∂)2 − u2∂2
)
+ (∂ · t)
(
u2∂n − 2unu · ∂
))
+ tn(∂ · t)
(
u2∂m − 2umu · ∂
)
+ (∂ · t)2
(
2umun − u2gmn
)
+ 2(u · t)2
(
∂2gmn − ∂m∂n
)]
An,
Σ
(3)
3 = −
πH3(ξ)
24L
e2Am(u · t)2
(
gmn(∂ · t)2 + ∂2tmtn − (∂ · t) (∂ntm + ∂mtn)
)
An, (31)
with
F3(ξ) =
∫ ∞
|ξ|
dz (coth(πz)− 1),
G3(ξ) =
∫ ∞
|ξ|
dz (ξ2 − z2) coth(πz)csch2(πz),
H3(ξ) =
∫ ∞
|ξ|
dz (ξ2 − 3z2) coth(πz)csch2(πz). (32)
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Here, as we have mentioned above, the tm is a fictitious unit vector along the extra
dimension. It is easy to see that all these three contributions are gauge invariant and can
be presented as
Σ
(1)
3 = −
[
m
48π2
− F3(ξ)
24πL
]
e2(u2FmnF
mn − 4umFmnulFln),
Σ
(2)
3 = −
πG3(ξ)
24L
e2
(
u25FmnF
mn − u2Fm5Fm5 + 2umFm5unFn5
)
Σ
(3)
3 =
πH3(ξ)
24L
e2u25Fm5F
m5. (33)
We note that only the first of them does not vanish if the extra dimension becomes large.
In this limit, i.e., L → ∞ (or ξ → ∞), the result found in [9] are reproduced. On the
other hand, in the L → 0 (or ξ → 0) limit, the the integrals (32) take the asymptotic
form
F3(ξ → 0) =
∫ ∞
0
dz (coth(πz)− 1) = 71.1384,
G3(ξ → 0) = −
∫ ∞
0
dz z2 coth(πz)csch2(πz) = −7.2562,
H3(ξ → 0) = −3
∫ ∞
0
dz z2 coth(πz)csch2(πz) = −21.7686. (34)
Now, if we suggest that the Lorentz-breaking vector um is directed along the extra
dimension as well, i.e., um = (0, 0, 0, 0, u5), our result would take the form
Σ3 =
[
m
48π2
− F3(ξ)
24πL
− πG3(ξ)
24L
]
e2u25FµνF
µν
−
[
m
24π2
− F3(ξ)
12πL
+
πG3(ξ)
8L
− πH3(ξ)
24L
]
e2u25Fµ5F
µ5. (35)
We see that in this case we have contributions both of usual four-dimensional photons
and of new particles arising due to the presence of the extra dimension. In principle, we
can suggest that the fields do not vary essentially along the extra dimension, since it is
very small, so that ∂5Aµ = 0 and F
5αF5α ≃ ∂αϕ∂αϕ, where ϕ = A5. In this case, we
generate the new scalar field ϕ and the kinetic term for it. Indeed, in these expressions
we can substitute F 5αF5α ≃ ∂αϕ∂αϕ to get the contribution of these scalars.
In this work, we calculated the aether-like terms in a five-dimensional gauge theory
with magnetic and CPT-even couplings in the case when the extra dimension is compact,
generalizing thus the results of [9, 10]. Actually, we performed summation over the Kaluza-
Klein tower of fields using the technique developed in [11] for the finite temperature case.
We found that, beside of the usual aether term and the finite renormalization of the
Maxwell term, we have some new terms which can be treated as certain five-dimensional
generalizations of the aether-like terms κmnpqFmnFpq, where in four dimensions are treated
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as an important ingredient of the Lorentz-breaking extension of the standard model [13].
These new terms become to dominate in the limit where the extra dimension is very small.
This allows us to suggest that there will be essential modifications of quantum corrections
if our space indeed has a small extra spatial dimension. Moreover, in the CPT-even
coupling case, we have the extra particles described by A5 which can be treated as new
scalars, and we succeeded to generate the kinetic term for these particles. To close the
paper, we emphasize that the presence of the compact extra dimension will essentially
modify the observed values of fields and couplings, as long as the extra dimension is
smaller, which probably could be a crucial fact for the hierarchy problem. In particular,
in this case the impact of Lorentz-breaking couplings could become significant.
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